
Outline for section 1

Why quantum computing?
Moore’s law
Amdhal’s law
Patents in quantum computing and quantum machine learning





Moore’s Law

Source: Hennessy, John L., and David A. Patterson. Computer architecture: a quantitative approach. Elsevier, 2011. 6th edition.
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one tenth. A closer analysis of the country of residence of 
the applicants in these patent families with joint patent 
applications shows that the patent applicants come from 
all continents, with a clear preference for joint patent 
applications with geographically relatively close patent 
applicants, i.e. from the same regional structure or from 
the same continent. For example, about two thirds of the 
patent families with joint patent applications where one 
applicant is located in a contracting state of the European 
Patent Convention have a second applicant also from one 
of these states (see Figure 9). In about one quarter of the 
joint patent families with an applicant from an EPC state, 
a second applicant from North America is observed. These 
results suggest relatively close cooperation within the 
same region and weaker cooperation between applicants 
on different continents. A similar picture results from the 

analysis of the origin/country of residence of the inventors 
mentioned in the joint patent applications (see Figure 10).

Cross-border cooperation can be observed not only 
on the geographical level but also between different 
sectors to which the patent applicants can be assigned 
according to their nature as companies, universities, 
etc.11 Figure 11 shows the result of the analysis of joint 
patent applications in terms of the origin/country of 
residence, further broken down according to sector 
allocation for patent applicants located in Europe. It 
shows that European applicants from one sector tend to 
cooperate more frequently with other European patent 
applicants from the same sector. However, there is also 
cooperation with European patent applicants from 
other sectors.

11	 More detailed information on the sector allocation concept 
regarding patent applicants is available in: European Commission, 
Patent Statistics at Eurostat: Methods for Regionalisation, 
Sector Allocation and Name Harmonisation, chapter 3, 2011

Figure 2	

Number of DOCDB patent families per earliest publication year in the field of quantum computing

Q
ua

nt
um

 co
m

pu
tin

g:
 N

um
be

r o
f p

at
en

t f
am

ili
es

6 000 9 000 000

Al
l t

ec
hn

ic
al

 fi
el

ds
: N

um
be

r o
f p

at
en

t f
am

ili
es

5 000 7 500 000

4 000 6 000 000

3 000 4 500 000

2 000 3 000 000

1 000 1 500 000

0 0

19
90

19
91

19
92

19
93

19
94

19
95

19
96

19
97

19
98

19
99

20
00

20
01

20
02

20
03

20
04

20
05

20
06

20
07

20
08

20
09

20
10

20
11

20
12

20
13

20
14

20
15

20
16

20
17

20
18

20
19

20
20

20
21

Earliest publication year

Source: authors’ calculations

Contents | Executive summary | 1. Introduction | 2. Methodology | 3. Analysis | 4. Conclusions | Annex



QUANTUM COMPUTING 
INSIGHT REPORT

epo.org | 37

The “quantum computing and artificial intelligence/
machine learning” sub-sector differs notably from 
the other sub-sectors examined and from the field of 
quantum computing as a whole. While an initial, minimal 
upswing in patent applications could be observed for this 
sub-sector in the 2000s, the actual dynamic development 
only began in the last decade (Figure 16). Remarkably, the 
momentum in this sub-sector is even higher than in the 
other sub-sectors or the field of quantum computing as 
a whole. With this far above-average momentum, the 
share of inventions in the sub-sector compared to the 
whole field is also rising, and is currently about 15 percent 
(Figure 16, right scale).

As in the other sub-sectors considered, IBM leads the list 
of the most active patent applicants, followed by patent 
applicants from Japan, the United States, Europe, Canada 
and China (Table 7). Compared to the other sub-sectors 
being looked at, in which US-based companies have 
played an increasingly prominent role in recent years, 
the diversity regarding the country of origin of the most 
active patent applicants in the sub-sector “quantum 
computing and artificial intelligence/machine learning” 
has clearly been higher over the last decade (Table 8).

Figure 16 	

Number of inventions per earliest publication year related to quantum computing  
and artificial intelligence/machine learning
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Outline for section 2

Introduction to the quantum world
Interference
Mach-Zender interferometer
Elitzur-Vaidman bomb testing problem



Interference

Classical: I1+2 = I1 + I2
Quantum: I12 = I1 + I2 + 2

√
I1I2 cos(θ1 − θ2)

I12 = |α1 + α2|2, αi ∈ C, αi = |αi |e iθi .



Interference



Mach-Zender interferometer I



Mach-Zender interferometer II



Mach-Zender interferometer III



Mach-Zender interferometer IV

Source: Wikimedia, © Ansgar Hellwig 2005, public domain.



Elitzur-Vaidman bomb testing problem I



Elitzur-Vaidman bomb testing problem II



Elitzur-Vaidman bomb testing problem III
p explosion result conclusion

1/2 yes — was good
1/4 no 0 don’t know
1/4 no 1 good



Outline for section 3
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Outline for section 5

Building blocks of quantum world
Classical and quantum computing
Quantum states
Quantum measurements
Quantum channels
Entanglement and Bell states



Quantum computers are not self-sufficient

Control

Measurement
results

Quantum
computer

Classical
computer



Scheme of a quantum device

Preparation Evolution Measurement

Quantum device

state
parameters

evolution
parameters

measurement
resultsClassical world



Bits and qubits

Bit
0 or 1

Qubit
α |0⟩ + β |1⟩



Mathematical properties of qubits

|ψ⟩ = α |0⟩+ β |1⟩ =
[
α
β

]

|α|2 + |β|2 = 1

e iϕ |ψ⟩ ≡ |ψ⟩



Dirac bra-ket notation

Let

|ψ⟩ =
[
α
β

]
, |ϕ⟩ =

[
γ
δ

]
, ⟨ψ| = |ψ⟩† =

[
α, β

]
.

Properties:
▶ inner (scalar) product

⟨ψ|ϕ⟩ =
[
α, β

] [γ
δ

]
= αγ + βδ,

▶ length √
⟨ψ|ψ⟩ =

√
|α|2 + |β|2 = 1,

▶ outer product

|ψ⟩⟨ϕ| =
[
α
β

] [
γ δ

]
=

[
αγ αδ

βγ βδ

]
.



Representation of qubits



Measurement

Quantum measurement is a function µ:
▶ from finite set of measurements outcomes A = {ai}n−1

i=0
▶ to set the of projection operators P = {Pi}n−1

i=0 (where projections satisfy P2
i = Pi )

such that
n−1∑

i=0

Pi = I.



Measurement

The probability of measuring outcome ai given the quantum system in in state |ψ⟩ is

p(ai ) = ⟨ψ|Pi |ψ⟩ .

The state of the quantum system after the measurement outcome ai was obtained
becomes

|ψ⟩ai =
Pi |ψ⟩√
⟨ψ|Pi |ψ⟩

.



Example 1 — part I
We will measure the state

|ψ⟩ =
√

0.7 |0⟩+
√

0.3i |1⟩

by a measurement

A = {0, 1}, P =

{
P0 =

[
1 0
0 0

]
, P1 =

[
0 0
0 1

]}
.

Probabilities of obtaining outcomes 0 and 1

p(0) = ⟨ψ|P0 |ψ⟩ =
[√

0.7 −
√

0.3i
] [1 0

0 0

] [√
0.7√
0.3i

]
= 0.7,

p(1) = ⟨ψ|P1 |ψ⟩ =
[√

0.7 −
√

0.3i
] [0 0

0 1

] [√
0.7√
0.3i

]
= 0.3.



Example 1 — part II

Conditional states after the measurement

|ψ⟩0 =
P0 |ψ⟩√
⟨ψ|P0 |ψ⟩

=
1√
0.7

[
1 0
0 0

] [√
0.7√
0.3i

]
=

[
1
0

]

|ψ⟩1 =
P1 |ψ⟩√
⟨ψ|P1 |ψ⟩

=
1√
0.3

[
0 0
0 1

] [√
0.7√
0.3i

]
=

[
0
1

]



Example 1 — part III



Example 2 — part I
We will measure the state

|ψ⟩ =
√

0.7 |0⟩+
√

0.3i |1⟩

by a measurement

A = {−i,+i}, Q =

{
Q−i =

1
2

[
1 i
−i 1

]
, Q+i =

1
2

[
1 −i
i 1

]}
.

Probabilities of obtaining outcomes −i and +i

p(−i) = ⟨ψ|Q−i |ψ⟩ =
[√

0.7 −
√

0.3i
] 1

2

[
1 i
−i 1

] [√
0.7√
0.3i

]
=

1
10

(5−
√

21) ≈ 0.042,

p(+i) = ⟨ψ|Q+i |ψ⟩ =
[√

0.7 −
√

0.3i
] 1

2

[
1 −i
i 1

] [√
0.7√
0.3i

]
=

1
10

(5 +
√

21) ≈ 0.958.



Example 2 — part II

Conditional states after the measurement

|ψ⟩−i
=

Q−i |ψ⟩√
⟨ψ|Q−i |ψ⟩

=
1√

1
10(5−

√
21)

1
2

[
1 i
−i 1

] [√
0.7√
0.3

]
=

1√
2

[
1
−i

]
= |−i⟩

|ψ⟩+i
=

Q+i |ψ⟩√
⟨ψ|Q+i |ψ⟩

=
1√

1
10(5 +

√
21)

1
2

[
1 −i
i 1

] [√
0.7√
0.3

]
=

1√
2

[
1
i

]
= |+i⟩



Example 2 — part III



Quantum evolution

Rotation around y-axis



Quantum evolution

Rotation around z-axis



Composition of quantum systems
Tensor product for two qubit states

|ψ⟩ =
[
α
β

]
= α |0⟩+ β |1⟩ ,

|ϕ⟩ =
[
γ
δ

]
= γ |0⟩+ δ |1⟩ ,

and their joint state in C2 ⊗ C2

|ψ⟩ ⊗ |ϕ⟩ =




αγ
αδ
βγ
βδ


 ,

|ψ⟩ ⊗ |ϕ⟩ =αγ |0⟩ ⊗ |0⟩+ αδ |0⟩ ⊗ |1⟩+ βγ |1⟩ ⊗ |0⟩+ βδ |1⟩ ⊗ |1⟩ ,

|ψϕ⟩ =αγ |00⟩+ αδ |01⟩+ βγ |10⟩+ βδ |11⟩ .



Entanglement
Recall the product state

|ψϕ⟩ = αγ |00⟩+ αδ |01⟩+ βγ |10⟩+ βδ |11⟩ ,

and consider another state

|Ψ⟩ = a |00⟩+ b |01⟩+ c |10⟩+ d |11⟩ .

Question
Can we always find coefficients which satisfy

a = αγ

b = αδ

c = βγ

d = βδ?



Entanglement

Bell State

∣∣Φ+
〉
=

1√
2
(|00⟩+ |11⟩).

∣∣Φ+
〉 ?
= αγ |00⟩+ αδ |01⟩+ βγ |10⟩+ βδ |11⟩ ,

Contradiction

αγ = βδ =
1√
2
,

αδ = βγ = 0.



Outline for section 6

Gate model of computation
Classical gates
Single qubit gates
2-qubit gates
Deutsch algorithm
Teleportation



Gate model

How to perform computations?
▶ Prepare the system in a known state, eg.: |0⟩ ⊗ |1⟩.
▶ Apply quantum gates and partial measurements on the state.
▶ Perform the measurement.
▶ Analyze the result and post-processing.

Example of a quantum circuit

|0⟩ H
Uf

H

|1⟩ H



Classical gates

x
x

¬x
x

x OR yx

y

x AND yx

y

x ⊕ yx

y



Single qubit gate - unitary gate

How to denote a quantum single-qubit gate?

|ψ⟩ U |ψ⟩

Quantum evolution is time-reversible!

U |ψt=0⟩ = |ψt=1⟩
U† |ψt=1⟩ = |ψt=0⟩



Rotations

Ry (γ) =

[
cos
(γ

2

)
sin
(γ

2

)

− sin
(γ

2

)
cos
(γ

2

)
]

Rz(β) =

[
e

iβ
2 0
0 −e

iβ
2

]



Important examples of single-qubit gates

α |0〉+ β |1〉 I α |0〉+ β |1〉
[
1 0
0 1

]

α |0〉+ β |1〉 X β |0〉+ α |1〉
[
0 1
1 0

]

α |0〉+ β |1〉 Y −βi |0〉+ αi |1〉
[
0 −i
i 0

]

α |0〉+ β |1〉 Z α |0〉 − β |1〉
[
1 0
0 −1

]

α |0〉+ β |1〉 P (φ) α |0〉+ eiφβ |1〉
[
1 0
0 eiϕ

]



Hadamard gate

H = 1√
2

[
1 1
1 −1

]
, H |0⟩ = |0⟩+|1⟩√

2
, H |1⟩ = |0⟩−|1⟩√

2
.



Decomposition of a unitary gate

Definition
A square matrix is called unitary iff

UU† = U†U = 1.

Every unitary gate U can be written as

U = RZ (ψ)RY (θ)RZ (∆) = e iφ/2
[
e iψ 0
0 e−iψ

][
cos θ sin θ
− sin θ cos θ

][
e i∆ 0
0 e−i∆

]
.



CNOT gate

|x〉 |x〉

|y〉 |x⊕ y〉

in1 in2 out1 out2
0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 :




α
β
γ
δ


→




α
β
δ
γ






Controlled unitary

•
U

U =

[
u00 u01
u10 u11

]

CU2
1 = |0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗ U =




1 0 0 0
0 1 0 0
0 0 u00 u01
0 0 u10 u11






Swap gate

|x〉 |y〉

|y〉 |x〉




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 :




α
β
γ
δ


→




α
γ
β
δ




√
SWAP




1 0 0 0
0 1+i

2
1−i
2 0

0 1−i
2

1+i
2 0

0 0 0 1


 :




α
β
γ
δ


→




α
1+i
2 β + 1−i

2 γ
1−i
2 β + 1+i

2 γ
δ






Example of a circuit

|0⟩ H •
|0⟩

1. (H ⊗ I ) |0⟩ ⊗ |0⟩ = 1√
2
(|0⟩+ |1⟩)⊗ |0⟩ = 1√

2




1
0
1
0




2.




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0







1√
2

0
1√
2

0


 =




1√
2

0
0
1√
2


 = 1√

2
(|00⟩+ |11⟩)



Deutsch algorithm – problem formulation

▶ Consider a function f : {0, 1}N → {0, 1} that is either constant or balanced (i.e.
half of its values are 0s and the other half are 1s).

▶ For N = 1 each function is either constant or balanced.

f (0) f (1)
f0 0 0

constant
f1 1 1

identity 0 1
balanced

bit flip 1 0

Problem
Given f decide if it is constant or balanced.



Hadamard transform

|0⟩ H

|0⟩ H
...

|0⟩ H

Hadamard transform creates an equal superposition
of all possible states of the system.
For two qubits we have:

(H ⊗ H) |00⟩ =
( |0⟩+ |1⟩√

2

)
⊗
( |0⟩+ |1⟩√

2

)

=
1
2
(|00⟩+ |01⟩+ |10⟩+ |11⟩) .

And more generally:

H⊗N |0⟩⊗N =
1√
2N

∑

x∈{0,1}N
|x⟩ .



Black box

To implement Deutsch’s algorithm we need
a black box computing the following:

Uf |x , y⟩ = |x , y ⊕ f (x)⟩

x y y ⊕ x

0 0 0
0 1 1
1 0 1
1 1 0

x

Uf

x

y y ⊕ f (x)



Black box

We can express Uf in a way that will be useful later. For instance

Uf |00⟩ = |0, 0⊕ f (0)⟩ =
{
|00⟩ if f (0) = 0
|01⟩ if f (0) = 1,

and hence
Uf |00⟩ = (1− f (0)) |00⟩+ f (0) |01⟩ .

Also

Uf |01⟩ = f (0) |00⟩+ (1− f (0)) |01⟩ ,
Uf |10⟩ = (1− f (1)) |10⟩+ f (1) |11⟩ ,
Uf |11⟩ = f (1) |10⟩+ (1− f (1)) |11⟩ .



Deutsch algorith

|0⟩ H
Uf

H

|1⟩ H

Algorithm

1. Apply the Hadamard transform to the input state |01⟩.
2. Apply Uf to the product state.
3. Apply the Hadamard gate to the first qubit.
4. Measure the first qubit.



Deutsch algorithm — part I

▶ Apply the Hadamard transform to the input state |01⟩.

|ψ1⟩ = (H ⊗ H) |01⟩ =
( |0⟩+ |1⟩√

2

)
⊗
( |0⟩ − |1⟩√

2

)

=
1
2
(|00⟩ − |01⟩+ |10⟩ − |11⟩)

▶ Apply Uf to the product state.

|ψ2⟩ = Uf |ψ1⟩ =
1
2
(Uf |00⟩ − Uf |01⟩+ Uf |10⟩ − Uf |11⟩)

=
1− 2f (0)

2
|0⟩ ⊗ (|0⟩ − |1⟩) + 1− 2f (1)

2
|1⟩ ⊗ (|0⟩ − |1⟩)



Deutsch algorithm — part II

▶ Apply the Hadamard gate to the first qubit.

|ψ3⟩ = (H ⊗ I ) |ψ2⟩ = (1− f (0)− f (1)) |0⟩ ⊗ |0⟩ − |1⟩√
2

+ (f (1)− f (0)) |1⟩ ⊗ |0⟩ − |1⟩√
2

▶ Measure the first qubit.



Deutsch-Jozsa algorithm

Question
Is binary function f : {0, 1}N → {0, 1} constant or balanced?

Circuit for N = 2

|0⟩ H

Uf

H

|0⟩ H H

|1⟩ H

where Uf |x , x , y⟩ = |x , x , y ⊕ f (x)⟩.



Deutsch-Jozsa algorithm

|0⟩⊗N
H⊗N

Uf

H⊗N

|1⟩ H

reddreddredd

Algorithm

1. Apply the Hadamard transform to the input state |0⟩ ⊗ · · · ⊗ |0⟩ ⊗ |1⟩.
2. Apply Uf to the product state, where

Uf |x , . . . , x , y⟩ = |x , . . . , x , y ⊕ f (x)⟩ .

3. Apply the Hadamard gate to the first N qubits.
4. Measure the first N qubits.



Teleportation — vision

Source: http://xkcd.com/465/ ©Randall Munroe 2015, CC-BY/2.5.



Teleportation — theory

Pi
Sigma

Time



Teleportation — theory

Pi
Sigma

Time

|ψt=0⟩ = |ψ⟩ ⊗
∣∣Φ+

〉
=

= (α |0⟩+ β |1⟩)⊗ 1√
2
(|0⟩ ⊗ |0⟩+ |1⟩ ⊗ |1⟩) =

=
1√
2
(α |000⟩+ α |011⟩+ β |100⟩+ β |111⟩)



Teleportation — theory

Pi
Sigma

Time

|ψt=1⟩ = (CNOT2
1 ⊗ I)

1√
2
(α |000⟩+ α |011⟩+ β |100⟩+ β |111⟩) =

=
1√
2
(α |000⟩+ α |011⟩+ β |110⟩+ β |101⟩) .



Teleportation — theory

Pi
Sigma

Time

|ψt=2⟩ = (H⊗ I⊗ I)
1√
2
(α |000⟩+ α |011⟩+ β |110⟩+ β |101⟩) =

=
1√
2

(
α

1√
2
(|0⟩+ |1⟩)⊗ (|00⟩+ |11⟩) + β

1√
2
(|0⟩ − |1⟩)⊗ (|10⟩+ |01⟩)

)
=

=
1
2
α(|000⟩+ |100⟩+ |011⟩+ |111⟩) + 1

2
β(|010⟩+ |001⟩ − |110⟩ − |101⟩)



Teleportation — theory

Pi
Sigma

Time

P = {P00? = |0⟩⟨0| ⊗ |0⟩⟨0| ⊗ I,P01? = |0⟩⟨0| ⊗ |1⟩⟨1| ⊗ I,

P10? = |1⟩⟨1| ⊗ |0⟩⟨0| ⊗ I,P11? = |1⟩⟨1| ⊗ |1⟩⟨1| ⊗ I}

▶ result 00?: 1√
2
(α |000⟩+ β |001⟩) = 1√

2
(|00⟩ ⊗ |ψ⟩),

▶ result 01?: 1√
2
(α |011⟩+ β |010⟩) = 1√

2
(|01⟩ ⊗ Z |ψ⟩),

▶ result 10?: 1√
2
(α |100⟩ − β |101⟩) = 1√

2
(|10⟩ ⊗ X |ψ⟩),

▶ result 11?: 1√
2
(α |111⟩ − β |110⟩) = 1√

2
(|11⟩ ⊗ XZ |ψ⟩)
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From algorithm to physical realization
Programming stack
QuTiP implementation
Quantum assembler
Quantum physical system
Steering the program



Programming stack

Algorithm

Implementation

Quantum
assembler

Control program

Physical system



Implementation

QuTiP implementation of Deutsch’s algorithm for function f (0) = 1, f (1) = 0.

qc = Qub i t C i r c u i t (2 , num_cbits=1)
qc . add_gate ( "X" , 1)
qc . add_gate ( "SNOT" , 1)
qc . add_gate ( "SNOT" , 0)
qc . add_gate ( "CNOT" , 1 , 0)
qc . add_gate ( "X" , 1)
qc . add_gate ( "SNOT" , 0)
qc . add_measurement ( "M0" , t a r g e t s =[0 ] , c l a s s i c a l _ s t o r e =0)



Quantum assembler

OPENQASM 2 . 0 ;
i n c l u d e " q e l i b 1 . i n c " ;

q reg q [ 2 ] ;
c r eg c [ 1 ] ;

x q [ 1 ] ;
h q [ 1 ] ;
h q [ 0 ] ;
cx q [ 0 ] , q [ 1 ] ;
x q [ 1 ] ;
h q [ 0 ] ;
measure q [ 0 ] −> c [ 0 ]



Physical system

Schrödinger equation

iℏ∂Ψ(t)
∂t = ĤΨ(t)

▶ H is a Hermitian operator (i.e. H = H†) called Hamiltonian of the system.
▶ Ψ(t) is a wave function of the system
▶ ℏ is the reduced Planck constant



Physical system
W

Solution to the Schrödinger equation:

|ψt1⟩ = U(t0, t1) |ψt0⟩ ,
where
▶ |ψt0⟩ — initial state of the system,
▶ |ψt1⟩ — final state of the system
▶ U(t0, t1) — unitary operator driving the system from t0 to t1.

▶ An operator is unitary iff UU† = U†U = 1
▶ If Hamiltonian H is constant between time t0 and t1, then:

U(t0, t1) = e−i(t1−t0)H ,

where eM =
∑∞

k=0
Mk

k! .



Physical system

H(t) = hx0(t)σ
0
x + hx1(t)σ

1
x + hz0(t)σ

0
z + hz1(t)σ

1
z + J(t)

(
σ0
xσ

1
x + σ0

yσ
1
y

)

|1〉

|0〉

|+〉

|−〉
∣∣+i

〉
∣∣−i

〉

|1〉

|0〉

|+〉

|−〉
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〉
∣∣−i

〉



Control program

H(t) = hx0(t)σ
0
x + hx1(t)σ

1
x + hz0(t)σ

0
z + hz1(t)σ

1
z + J(t)

(
σ0
xσ

1
x + σ0

yσ
1
y

)
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0
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1
x
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A zoo of quantum noisy channels
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Qubit channels — zoo

|0〉+ |1〉√
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Figure: Uniformly chosen 1000 random pure states.



Qubit channels — zoo
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Figure: Action of bit flip channel: p = 0.1.



Qubit channels — zoo
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Figure: Action of bit flip channel: p = 0.2.



Qubit channels — zoo
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Figure: Action of bit flip channel: p = 0.3.



Qubit channels — zoo
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Figure: Action of bit flip channel: p = 0.4.



Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Figure: Action of bit flip channel: p = 0.5.



Qubit channels — zoo
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Figure: Action of phase flip channel: p = 0.3.



Qubit channels — zoo
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Figure: Action of bit-phase flip channel: p = 0.3.



Qubit channels — zoo
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Figure: Uniformly chosen 1000 random pure states.



Qubit channels — zoo
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Figure: Action of amplitude dumping channel: p = 0.1.



Qubit channels — zoo
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Figure: Action of amplitude dumping channel: p = 0.3.



Qubit channels — zoo
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Figure: Action of amplitude dumping channel: p = 0.5.



Qubit channels — zoo
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Figure: Action of amplitude dumping channel: p = 0.7.



Qubit channels — zoo
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Figure: Action of amplitude dumping channel: p = 0.9.



Shor error correction scheme

|ψ〉 H

E

H |ψ〉

|0〉

|0〉

|0〉 H H

|0〉

|0〉

|0〉 H H

|0〉

|0〉
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Mathematical tools of QNNs



Concept of hybrid computation

Source: https://github.com/XanaduAI/pennylane/ (Distributed under Apache Licence 2.0)

https://github.com/XanaduAI/pennylane/


Gradient — parameter shift rule

Source: https://github.com/XanaduAI/pennylane/ (Distributed under Apache Licence 2.0)

https://github.com/XanaduAI/pennylane/


Variational quantum circuit

For k ∈ {1, 2, . . . ,K}

|0〉

U
(k)
load(x) U

(k)
var (θ)...

|0〉



Classification with Quantum Neural Network

Data encoding
A data sample

x = (x1, x2, . . . , xN)

is encoded into a quantum state |x⟩.

Uload(x)

|0〉 Rx(x1) |x1〉

...

|0〉 Rx(xn) |xn〉



Classification with Quantum Neural Network

Variational gate
A variational gate Uvar(θ) represents transformation of data by our quantum neural
network.

U
(k)
var (θ)

R(θ1)

R(θ2)

R(θ3)

R(θ4)



Observable, expectation value

▶ Let O be an observable—a quantum measurement whose labels are real numbers.
▶ Mathematically it is represented as a Hermitian operator i.e.

O† = O.

▶ The expectation value of an observable O in a state |ψ⟩

⟨O⟩|ψ⟩ = ⟨ψ|O |ψ⟩ .

▶ For example if we observe spin of a system, expectation value tells us about the
average spin of this system in a given state.



Gradients, parameter shift rule

▶ A function
f (θ) = ⟨O⟩U(θ)|ψ⟩

if U(θ) = e−iθG , where G has two distinctive eigenvalues {−r , r} has gradient

∂

∂θ
f = r [f (θ + s)− f (θ − s)] ,

where s = π/4r .
▶ For example for Rx(θ) = e−θiσx/2, and f (θ) = ⟨O⟩Rx (θ)|ψ⟩ the gradient is

∂

∂θ
f (θ) =

1
2
[f (θ + π/2)− f (θ − π/2)] .



Optimizers

▶ Gradient descent: θ(t+1) = θ(t) − η∇f (θ(t));
▶ Nesterov momentum: θ(t+1) = θ(t) − a(t+1),

a(t+1) = ma(t) + η∇f (θ(t) −ma(t));

With η — the step size, m — the momentum.



Variational quantum algorithm I 5

theoretical foundation for derivative computations in Pen-
nyLane. In a nutshell, PennyLane makes two circuit evalu-
ations, taking place at shifted parameters, in order to com-
pute analytic derivatives. This recipe works for qubit gates
of the form e−iµP , where the Hermitian generator P has
only two unique eigenvalues (which includes e.g., all single-
qubit rotation gates), as well as continuous-variable circuits
with Gaussian operations7.

If f (x;θ ) = f (µ) is the output of the quantum node, we
have

∂µ f (µ) = c
�

f (µ+ s)− f (µ− s)
�
, (3)

where c, s ∈ R are fixed parameters for each type of gate.
While this equation bears some structural resemblance to
numerical formulas (discussed next), there are two key dif-
ferences. First, the numbers c and s are not infinitesimal,
but finite; second, Eq. (3) gives the exact derivatives. Thus,
while analytic derivative evaluations are constrained by de-
vice noise and statistical imprecision in the averaging of
measurements, they are not subject to numerical issues. To
analytically compute derivatives of qubit gates or gates in
a Gaussian circuit, PennyLane automatically looks up the
appropriate derivative recipe (the numbers c and s) for a
gate, evaluates the original circuit twice (shifting the argu-
ment of the relevant gate by ±s), subtracts the results, and
scales by c.

Numerical derivatives

Numerical derivative methods require only ‘black-box’
evaluations of the model. We estimate the partial deriva-
tive of a node by evaluating its output, f (x;θ ) = f (µ), at
several values which are close to the current value µ ∈ θ (µ
can be either a variable or an input here). The approxima-
tion of the derivative is given by

∂µ f (µ)≈ f (µ+∆µ)− f (µ)
∆µ

(4)

for the forward finite-differences method, and by

∂µ f (µ)≈ f (µ+ 1
2∆µ)− f (µ− 1

2∆µ)

∆µ
(5)

for the centered finite-differences method. Of course, there
is a tradeoff in choice of the difference ∆µ for noisy hard-
ware.

User API

A thorough introduction and review of PennyLane’s API
can be found in the online documentation. The documen-

7 For cases that do not fall into the above two categories, using an ancilla
may provide an alternate strategy to evaluate derivatives [42]. This
option is not currently implemented in PennyLane.

FIG. 6: Variational circuit of the qubit rotation example.

tation also provides several examples for optimization and
machine learning of quantum and hybrid models in both
continuous-variable and qubit architectures, as well as tu-
torials that walk through the features step-by-step.

Optimization

To see how PennyLane allows the easy construction and
optimization of variational circuits, let us consider the
simple task of optimizing the rotation of a single qubit —
the PennyLane version of ‘Hello world!’.

The task at hand is to optimize the variational circuit of
Fig. 6 with two rotation gates in order to flip a single qubit
from state |0〉 to state |1〉. After the rotations, the qubit is
in state |ψ〉= R y(φ2)Rx(φ1)|0〉 and we measure the expec-
tation value

f (φ1,φ2) = 〈ψ|σz |ψ〉= cos(φ1) cos(φ2)

of the Pauli-Z operator. Depending on the variables φ1 and
φ2, the output expectation lies between 1 (if |ψ〉 = |0〉)
and −1 (if |ψ〉= |1〉).

PennyLane code for this example — using the default au-
tograd interface for classical processing — is shown below
in Codeblock 1. It is a self-contained example that defines a
quantum node, binds it to a computational device, and op-
timizes the output of the quantum node to reach a desired
target.
Internal Server Error

1 import pennylane as qml
2 from pennylane.optimize import

GradientDescentOptimizer,→
3

4 # Create device
5 dev = qml.device('default.qubit',

wires=1),→
6

7 # Quantum node
8 @qml.qnode(dev)
9 def circuit1(var):

10 qml.RX(var[0], wires=0)
11 qml.RY(var[1], wires=0)
12 return qml.expval.PauliZ(0)
13

14 # Create optimizer
15 opt = GradientDescentOptimizer(0.25)
16

17 # Optimize circuit output
18 var = [0.1, 0.2]
19 for it in range(30):
20 var = opt.step(circuit1, var)

impor t penny l ane as qml
from penny l ane . op t im i z e impor t G rad i en tDe s c en tOpt im i z e r
from penny l ane impor t numpy as np
# Crea te d e v i c e
dev = qml . d e v i c e ( ’ d e f a u l t . qub i t ’ , w i r e s =1)
# Quantum node
@qml . qnode ( dev )
de f c i r c u i t 1 ( va r ) :

qml .RX( va r [ 0 ] , w i r e s =0)
qml .RY( va r [ 1 ] , w i r e s =0)
r e t u r n qml . e x p v a l ( qml . Pau l iZ ( 0 ) )

# Crea te o p t im i z e r
opt = Grad i en tDe s c en tOpt im i z e r ( 0 . 2 5 )
# Opt imize c i r c u i t output
va r = np . a r r a y ( [ 0 . 5 , 0 . 2 ] , r e qu i r e s_g r ad=True )
f o r i t i n range ( 3 0 ) :

va r = opt . s t ep ( c i r c u i t 1 , va r )
p r i n t (" Step {} : c o s t : {}" . fo rmat ( i t , c i r c u i t 1 ( va r ) ) )

Source: arXiv:1811.04968



Variational quantum algorithm II

Figure: Three optimization strategies: gradient descent, Nesterov momentum optimizer, Adam
optimizer (varinit = (0.5, 0.2)).



An example of quantum neural network

Dataset
We use an artificial dataset (moons) consisting of two classes.

Data preprocessing
▶ The original feature vectors (single feature for all samples) Xorig are normalized

Xstd =
Xorig −min(Xorig)

max(Xorig)−min(Xorig)

Xscaled = Xstd(max−min) + min,

with min = 0, max = π.
▶ In order to encode as in angle of a qubit rotation.



An example of quantum neural network

Data encoding gate
▶ Encoding gate Ue(x) transforms data sample x = (x1, x2, . . . , xN) ∈ RN into data

state
|x⟩ = Ue(x) |0⟩⊗N = Rx(x1)⊗ Rx(x2)⊗ . . .⊗ Rx(xN) |0⟩⊗N ,

▶ where

Rx(ϕ) = e−iϕσx/2 =

[
cos(ϕ/2) −i sin(ϕ/2)
−i sin(ϕ/2) cos(ϕ/2)

]

▶ and xi ∈ [0, π].



An example of quantum neural network
Variational gate
▶ Variational gate Uv(w) entangles the information and is parametrized. Angles

w ∈ RN×3×L are the parameters we want to learn from the data and L denotes the
number of quantum layers.

Source: https://github.com/XanaduAI/pennylane/ (Distributed under Apache Licence 2.0)



An example of quantum neural network

Decision function
▶ The decision function f : RN → R.
▶ f (x ; θ) = ⟨O⟩Uv(θ)Ue(x)|0⟩ , with

⟨O⟩Uv(θ)Ue(x)|0⟩ = ⟨0|Ue(x)
†Uv(θ)

†OUv(w)Ue(x) |0⟩ ,

▶ Observable O = σz ⊗ 1⊗(N−1).
▶ The classification function

cls : RN → {−1, 1}: cls(x ; θ) = sgn(f (x ; θ)).



An example of quantum neural network

Training
▶ The available data are divided into: train and test.
▶ Initial θ-s: w ∼ U(0, 2π).
▶ Cost function

cost
(
(y train

i )i∈ξt , (f (X
train
i ,: ; θ))i∈ξt

)
=
∑

i∈ξt

(y train
i − f (X train

i ,: ; θ))2/|ξt |.

▶ Batches ξt .
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Example in python
Source code
Visualization of learning process



Binary classification in pennylane

Imports
f rom i m p o r t l i b . metadata impo r t r e q u i r e s
f rom i t e r t o o l s impo r t cha i n

f rom s k l e a r n impo r t d a t a s e t s
f rom s k l e a r n . u t i l s impo r t s h u f f l e
f rom s k l e a r n . p r e p r o c e s s i n g impo r t minmax_scale
f rom s k l e a r n . mode l_se l e c t i on impo r t t r a i n_ t e s t_ s p l i t
impo r t s k l e a r n . me t r i c s as me t r i c s

impo r t penny l ane as qml
f rom penny l ane impo r t numpy as np
f rom penny l ane . t emp l a t e s . embeddings impo r t AngleEmbedding
f rom penny l ane . t emp l a t e s . l a y e r s impo r t S t r o n g l yEn t a n g l i n g L a y e r s



Binary classification in pennylane

Data import, preprocessing and splitting

np . random . seed (42)

# c r e a t e the d a t a s e t
X, y = da t a s e t s . make_moons (100 , n o i s e =0.1 , random_state=42)

# s h u f f l e the data
X, y = s h u f f l e (X, y , random_state=42)

# no rma l i z e data
X = minmax_scale (X, f ea tu r e_range =(0 , np . p i ) )

# s p l i t data i n t o t r a i n and t e s t



Binary classification in pennylane

Building the quantum classifier

# number o f q u b i t s i s equa l to the number o f f e a t u r e s
n_qubits = X. shape [ 1 ]

# quantum de v i c e hand l e
dev = qml . d e v i c e ( " d e f a u l t . q ub i t " , w i r e s=n_qubits )

# quantum c i r c u i t
@qml . qnode ( dev )
de f c i r c u i t ( we ights , x=None ) :

AngleEmbedding ( x , w i r e s = r ange ( n_qubits ) )
S t r o n g l yEn t a n g l i n g L a y e r s ( we ights , w i r e s = r ange ( n_qubits ) )
r e t u r n qml . e x p v a l ( qml . Pau l iZ ( 0 ) )

de f c o s t ( theta , X, e x p e c t a t i o n s ) :
e_pred i c t ed = np . a r r a y ( [ c i r c u i t ( theta , x=x ) f o r x i n X] )

l o s s = np . mean ( ( e_pred i c t ed − e x p e c t a t i o n s )∗∗2)
r e t u r n l o s s

# he l p e r f u n c t i o n : r e t u r n s 1 i f x>0 e l s e 0
de f sgn ( x ) :

r e t u r n ( x>0)∗1



Binary classification in pennylane

Training preparation
# number o f quantum l a y e r s
n_laye r s = 3

# conve r t c l a s s e s to e x p e c t a t i o n s : 0 to −1, 1 to +1
e_t ra i n = np . empty_l ike ( y_t ra i n )
e_t ra i n [ y_t ra i n == 0] = −1
e_t ra i n [ y_t ra i n == 1] = +1

# s e l e c t l e a r n i n g batch s i z e
batch_s i z e = 5

# c a l c u l a t e number o f ba t che s
ba t che s = l e n ( X_train ) // ba tch_s i z e

# s e l e c t number o f epochs
n_epochs = 5

# draw random quantum node we i gh t s
shape = qml . S t r o n g l yEn t a n g l i n g L a y e r s . shape ( n_laye r s=n_layers , n_wires=n_qubits )
t h e t a = np . random . random ( s i z e=shape , r e qu i r e s_g r ad=True )



Binary classification in pennylane

Training

# t r a i n the v a r i a t i o n a l c l a s s i f i e r

# s t a r t o f main l e a r n i n g l oop
# bu i l d the o p t im i z e r o b j e c t
penny lane_opt = NesterovMomentumOptimizer ( )

l o g = [ ]
# s p l i t t r a i n i n g data i n t o ba t che s
X_batches = np . a r r a y_ s p l i t ( np . a range ( l e n ( X_train ) ) , ba t che s )
f o r i t , batch_index i n enumerate ( cha i n (∗ ( n_epochs ∗ [ X_batches ] ) ) ) :

# Update the we i gh t s by one o p t im i z e r s t e p
batch_cost = \

lambda t : c o s t ( t , X_train [ batch_index ] , e_t ra i n [ batch_index ] )
t h e t a = penny lane_opt . s t ep ( batch_cost , t h e t a )
l o g . append ({ " th e t a " : t h e t a })



Binary classification in pennylane

Inference

# conve r t s c o r e s to c l a s s e s
s c o r e s = np . a r r a y ( [ c i r c u i t ( theta , x=x ) f o r x i n X_test ] )
y_pred = sgn ( s c o r e s )

p r i n t ( me t r i c s . accu racy_sco re ( y_test , y_pred ) )



Learning process
Learning step 1
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Learning process
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Learning process
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Learning process
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Adiabatic quantum computation
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Quantum Ising model
Quantum adiabatic protocol



Classical Ising model

Let the energy function be given (Hamiltonian):

H(s) = −
∑

i∈I
hi si −

∑

(i ,j)∈I×I

Jijsi sj ,

where
s = [si ]i∈I ∈ {−1, 1}I , hi ∈ R, Jij ∈ R.

Our goal is to find
s⋆ = min

s
H(s).

That is the so-called state minimum energy state.



Ising models and NP class problems
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We provide Ising formulations for many NP-complete and NP-hard problems, including

all of Karp’s 21 NP-complete problems. This collects and extends mappings to the Ising

model from partitioning, covering and satisfiability. In each case, the required number of
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1. Introduction

1.1. Quantum Adiabatic Optimization

Recently, there has been much interest in the possibility of using adiabatic quantum optimization (AQO)
to solve NP-complete and NP-hard problems [1, 2].1 This is due to the following trick: suppose we have a
quantum Hamiltonian HP whose ground state encodes the solution to a problem of interest, and another
Hamiltonian H0, whose ground state is “easy” (both to find and to prepare in an experimental setup).
Then, if we prepare a quantum system to be in the ground state of H0, and then adiabatically change
the Hamiltonian for a time T according to

H(t) =

(
1− t

T

)
H0 +

t

T
HP, (1)

then if T is large enough, and H0 and HP do not commute, the quantum system will remain in the ground
state for all times, by the adiabatic theorem of quantum mechanics. At time T , measuring the quantum
state will return a solution of our problem.

There has been debate about whether or not these algorithms would actually be useful: i.e., whether
an adiabatic quantum optimizer would run any faster than classical algorithms [3, 4, 5, 6, 7, 8, 9], due to
the fact that if the problem has size N , one typically finds

T = O
[
exp

(
αNβ

)]
, (2)

1In this paper, when a generic statement is true for both NP-complete and NP-hard problems, we will refer to these
problems as NP problems. Formally this can be misleading as P is contained in NP, but for ease of notation we will simply
write NP.

2

Source: Andrew Lucas, Ising formulations of many NP problems, Front. Phys. 2014



Quantum (simplified) Ising model

Problem Hamiltonian
We have a given problem Hamiltonian

Hp = −
∑

i∈I
hiσ

(i)
z −

∑

(i ,j)∈I×I

Jijσ
(i)
z σ

(j)
z ,

where
σ
(i)
{x ,z} = 1⊗(i−1)

2 ⊗ σ{x ,z} ⊗ 1⊗(|I|−i−1)
2

12 = /

(
1 0
0 1

)
, σz =

(
1 0
0 −1

)
, σx =

(
0 1
1 0

)
.



Quantum adiabatic protocol I

Initial Hamiltonian
We have a given initial Hamiltonian

H0 = −
∑

i∈I
hiσ

(i)
x .

Effective variable in time Hamiltonian

H(t) = (1− t

τ
)H0 +

t

τ
Hp



Quantum adiabatic protocol II

Hamiltonian eigenstates
Each Hamiltonian has its energies En (E0 ≤ E1 ≤ . . . ≤ En) and respective eigenstates
|ψ⟩n:

H |ψ⟩n = En |ψ⟩n .

If we start in the state

∣∣∣ψ(0)
〉

0
: H0

∣∣∣ψ(0)
〉

0
= E

(0)
0

∣∣∣ψ(0)
〉

0
=

(
1√
2
(|0⟩ − |1⟩)

)⊗|I|
,

then for large τ we will end in a state:
∣∣∣ψ(p)

〉
0
: Hp

∣∣∣ψ(p)
〉

0
= E

(p)
0

∣∣∣ψ(p)
〉

0
.



Quantum adiabatic protocol III

In the end, we measure {
P
⊗|I|
±1

}
,

gdzie
{P−1 = |0⟩⟨0| ,P1 = |1⟩⟨1|}.

As a result of the measurement, we get a string

s = {±1}|×I |,

which is a solution to our optimization problem.



Adiabatic evolution example I
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Adiabatic evolution example II
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Adiabatic evolution example III
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Adiabatic evolution example IV
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D-Wave annealer 2000Q — Chimera architecture
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Source: B. Gardas



Outline for section 12

Application of D-Wave annealer for spectral image classification post-processing
Chimera architecture
D-Wave Zephyr architecture
Problems with Ising solvers



Dwave-2000Q architecture

Figure 1. The Chimera graph that represents the qubit connectivity of D-Wave hardware. (a) Example of a 3×3 grid of K4,4
cells, denoted as F(3,3,4). (b) Labelling of nodes within a particular cell on the a-th row and b-th column. Here we use the
cell on the 2nd row and 3rd column as an example.

Definition 4. A minor embedding of G(V,E) in G′(V ′,E ′) is defined by a mapping φ : V 7→V ′ such that each vertex v ∈V is
mapped to a connected subtree Tv of G′ and if (u,v) ∈ E then there exist iu, iv ∈V ′ such that iu ∈ Tu, iv ∈ Tv and (iu, iv) ∈ E ′.

If such a mapping φ exists between G and G′, we say G is a minor of G′ and we use G≤m G′ to denote such relationship.
Our goal is to take the interaction graph GH of our Ising Hamiltonian construction and construct the mapping φ that embeds
GH into the hardware graph as a minor.

2.5 Chimera graphs
Here we specifically consider the embedding our construction into a particular type of hardware graphs used by D-Wave
devices44, 65 called the Chimera graphs. The basic components of this graph are 8-spin unit cells6 whose interactions form a
K4,4. The K4,4 unit cells are tiled together and the 4 nodes on the left half of K4,4 are connected to their counterparts in the
cells above and below. The 4 nodes on the right half of K4,4 are connected to their counterparts in the cells left and right.
Furthermore, we define F(p,q,c) as a Chimera graph formed by an p×q grid of Kc,c cells. Figure 1a shows F(3,4) as an
example. Note that any Km,n with m,n≤ c can be trivially embedded in F(p,q,c) with any p,q≥ 1 via subgraph embedding.
However, it is not clear a priori how to embed Km,n with m> c or n> c onto a Chimera graph, other than using the general
embedding of an (m+n)-node complete graph and consider Km,n as a subgraph. This costs O((m+n)2) qubits in general and
one may lose the intuitive structure of a bipartite graph in the embedding. One of the building blocks of our embedding for our
Ising Hamiltonian construction (Section 4) is an alternative embedding strategy for mapping any Km,n onto F(dn/ce,dm/ce,c)
as a graph minor. Our embedding costs O(mn) qubits and preserves the structure of the bipartite graph.

3 Quantum annealing for solving SCP

3.1 From an arbitrary SCP instance to an Ising Hamiltonian construction
SCP is NP-complete most simply because Set Cover (SC) is a special case of SCP56 and a solution to SCP is clearly efficiently
verifiable. Since SC is NP-complete itself, any SCP instance can be rewritten as an instance of SC with polynomial overhead.
The Ising Hamiltonian construction for Set Cover is explicitly known39, 50. Hence it is natural to consider using the chain of
reductions from SCP to SC and then from SC to ISING (Definition 2). If we recast each SCP(G,U,S) with |S|= m into an SC

4/19

Source: arXiv:1608.08547



New D-Wave topology — Zephyr1

Zephyr Topology 2

Figure 1: Construction of the Zephyr lattice Z1 from a Chimera C3,3,8. (top left) The C3,3,8
graph in the point-and-line drawing style, with black nodes, edges to be contracted in orange, and
remaining edges grey. (top right) The same C3,3,8 graph drawn in qubit-loop style, with internal
edges drawn as grey circles, and odd and external couplers drawn as barbells colored as above.
(bottom left) The Z1 graph drawn in point-and-line style. (bottom right) The Z1 graph drawn
in qubit-loop style.

Copyright © D-Wave Systems Inc.

Zephyr Topology 4

Figure 2: Example of a Zephyr graph Z3,1, with external edges drawn as dotted lines. This graph,
omitting the external edges, is a checkerboard lattice, resulting in a variety of possible direct lattice
embeddings, with no chains required.

Copyright © D-Wave Systems Inc.

1Boothby2021.



QUBO/Ising optimization arms race

Challanges
▶ There is no proof that D-Wave machines are better than classical computers.
▶ New classical and quantum algorithms and devices are being proposed.
▶ Quantum Adiabatic Optimization Algorithm on gate model-based devices.
▶ Can we deal with noise in quantum annealers?



Applications of variational algorithms
▶ Finding ground states of Hamiltonians

▶ Variational Quantum Eigensolver,
▶ Quantum Adiabatic Optimization Algorithm.

▶ Machine learning — Quantum Neural Networks, fitting model to data.



The idea of variational quantum computing

Hamiltonian. In both cases, exponential scaling of the required computational resources with the problem size
canmake the problems hard to solve or even intractable on classical computers.

Generally, optimization problems are solved by finding the extremumof an objective function, such as cost,
energy, profit or error. As the cost function typically depends on a large set of parameters, finding a solution
involves searching a high-dimensional parameter space, which quicklymakes a brute-force approach unfeasible.
A quantum computer operates onHilbert space, which grows exponentially as 2Nwith the number of qubitsN.
The idea is to use this vast state spacewith the help of quantum entanglement, and thus boost the efficiency in
finding the right solution, ideally with exponential speed-up [1–5]. Amore careful analysis shows, however, that
the speed-up for classical optimization problems is inmany cases rathermodest [6–8]. In contrast, one can
benefit fromquantum speed-up in problems that are directly related to the quantum–mechanical description of
nature itself. A prominent example isfinding themany-electronwavefunction of amolecular system. Classical
computers fail to solve such problems exactly formore than a few tens of electrons because of the exponential
increase ofHilbert space with the number of electrons. The large state space of a quantum computer can be used
to simulate a chemical system and calculate its properties, including correlations and reaction rates, once the
challenge of efficientlymapping the fermionic problem to the available qubit hardware is overcome.

In fact, on a quantumdevice the natural way is to solve the chemical system in second quantization [3, 4,
9–33] formulated in terms of fermionic annihilation and creation operators. Because of the different statistics
there is no direct one-to-onemapping: each fermion operatormust be represented by a string of qubit operators,
which induces long-range qubit-qubit correlations in the system and places demanding requirements on the
connectivity and the number of gates (see section 4.1). To compute the quantum evolution of chemical systems
on a digital quantum computer, decomposition into discrete time steps is required and accordingly long gate
sequences [3, 14, 34].

On current quantumdevices, gate errors and decoherence restrict the number of sequential gate operations
that can be performedwhile keeping ameaningful, coherent quantum state.Moreover, connectivity between
qubits is limited by the physical routing of thewires on a qubit chip. This is why a new class of hybrid classical
quantumalgorithms, called theVQE [33–43], holds a lot of prospects for near-term quantum-computing
systems (see figure 1). These algorithmsworkwith short-depth circuits andwill result in approximate results
when the number of qubits, their coherence and the connectivity is large enough. These requirements on the
quantum system can be quantified by the quantum volume [44], a hardware-independent figure ormerit for the
power of a quantum computer.

TheVQE can be used both for classical optimization problems as well as for fermionicHamiltonians
describing, e.g., quantum chemistry. In quantum chemistry theVQE is used to calculate ground states [33–39]
of chemical systems. The high-dimensional trial wavefunctions, which are costly to represent on a classical
computer, are generated on the quantum computer using parametrized single-qubit and entangling gates. The
optimization of the gate parameters is performed on a classical computer by summing expectation values of the
qubit operatorsmeasured on the quantumdevice and thereby calculating the total energy as a cost function. This
can in principle lead to very short-depth circuits which ideally run in a time that is shorter than the coherence
time of the quantum computer. The sameVQE can be applied to other physical systems in condensedmatter
such as the Fermi–Hubbardmodel [2, 12, 17, 45–48] and spin systems [49–52].

Hybrid algorithms are, however, not resilient against decoherence and gate errors, whichmay lead to
inaccurate estimates of the expectation values. Currently available error-correction schemes, such as those based
on surface codes [53], require a significant number of qubits, rendering quantum simulations of practical
systems challenging in the near future. Still, novel schemes that do not require ancillas or code qubits can help
mitigate induced errors, enabling longer and bigger quantum computations. Such errormitigation schemes

Figure 1. Schematic of a hybrid quantum–classical computing architecture.

2

QuantumSci. Technol. 3 (2018) 030503 NMoll et al

Source: Nikolaj Moll et al 2018 Quantum Sci. Technol. 3 030503



Outline for section 13

Applications of Variational Quantum Eigensolvers
Ground state energy problem
Ground states of Fermionic Hamiltonians
Quantum Adiabatic Optimization Algorithm
Max-Cut problem and QAOA



Variational Quantum Eigensolver

On a NISQ quantum computer
▶ we can prepare |Ψ(θ)⟩ using a parametrized quantum circuit
|Ψ(θ)⟩ = U(θD)U(θK−1) . . .U(θ1) |0⟩.

▶ and calculate function Eq(θ) = ⟨Ψ(θ)|Hq |Ψ(θ)⟩.

On a classical computer
▶ we can vary parameters θ.

In order to
▶ find ground state energy Emin

q = minθ(⟨Ψ(θ)|Hq |Ψ(θ)⟩).



Variational Quantum Eigensolver

Requirements for implementation of VQ algorithm
▶ Small number of parameters θ.
▶ Able to explore the problem Hilbert space.
▶ Gates U(θi ) implemented in hardware.

Problem Hamiltonian
▶ Hq =

∑
α hαPα — Hamiltonian can be expressed as linear combination of

▶ Pauli strings: Pα = σα1
1 ⊗ σα2

2 ⊗ . . .⊗ σαN
N .

▶ Where σji ∈ {1, σxi , σ
y
i , σ

z
i }.

▶ Then energy function: Eq(θ) = ⟨Ψ(θ)|Hq |Ψ(θ)⟩ =∑α hα ⟨Ψ(θ)|Pα |Ψ(θ)⟩.



Variational quantum circuit

3. ExploringHilbert spacewith theVQE

To exploit near-term quantumdevices, applications and algorithms have to be tailored to current quantum
hardwarewith only tens or hundreds of qubits andwithout full quantum error correction. Onemain constraint
is the limited quantumvolume that restricts the depth ofmeaningful quantum circuits. Still, a small-scale
quantum computer with hundred qubits can process quantum states that cannot even be stored in any classical
memory. A natural way tomake use of this quantum advantage is via a hybrid quantum–classical architecture: a
quantum co-processor preparesmulti-qubit quantum states qY ñ∣ ( ) parametrized by control parameters q. The
subsequentmeasurement of a cost function q q q= áY Y ñ( ) ( )∣ ∣ ( )E Hq q , typically the energy of a problem
HamiltonianHq, serves a classical computer tofind new values q in order tominimize q( )Eq and find the
ground-state energy

q q= áY Y ñ
q

( ( )∣ ∣ ( ) ) ( )E Hmin . 3q q
min

ThisVQE approach toHamiltonian-problem solving has been recently applied in different contexts [34, 37, 40,
70–72]. In fact, theHamiltonianHq can takemany forms, the only requirement being that it can bemapped to a
systemof interacting qubits with a non-exponentially increasing number of terms.Herewe distinguish two
relevant cases: Hamiltonians that describe fermionic condensed-matter ormolecular system (section 4) and
Hamiltonians that describe a classical optimization problem (section 5).

3.1. Variational quantumeigensolvermethod
In detail, the VQEmethod consists of fourmain steps as shown infigure 3. First, on the quantumprocessor a
tentative variational eigenstate, a trial state, qY ñ∣ ( ) is generated by a sequence of gates parameterized by a set of
control parameters q. In the ideal case, this trial state depends on a small number of classical parameters q,
whereas the set of gates is chosen to efficiently exploreHilbert space. In particular, the class of states forming the
solution to theminimization problem in equation (3)has to lie within the set of possible trial states. Suitable gate
sets which provide a good approximation to thewanted target state, whichminimizes the cost function, have
been found for both classical optimization problems [41] (section 5) and quantum chemistry problems
(section 4). Aside from these considerations, it is also essential that hardware constraints be taken into account.
As not all gates are directly realizable in hardware, decomposing them into those available in the quantum
hardware adds extra overhead in circuit depth. An alternative is, therefore, to use a heuristic approach based on
gates that are readily available in hardware [72] as discussed below.

Second, once the trial state has been prepared and the expectation value of the problemHamiltonianHq is
determined. The problemHamiltonian can be decomposed into Pauli strings s s s= Ä Ä ¼a

a a aP N1 2
N1 2 with

single-qubit Pauli operators and the identity operator  , s s s sÎ { }, , ,i
j

i
x

i
y

i
z such that

Figure 3.Variational quantum eigensolvermethod. The trial states, which depend on a few classical parameters q, are created on the
quantumdevice and used formeasuring the expectation values needed. These are combined on a classical computer to calculate the
energy q( )Eq , i.e.the cost function, andfindnew parameters q tominimize it. The new q parameters are then fed back into the
algorithm. The parameters *q of the solution are obtainedwhen theminimal energy is reached.
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Another picture of variational circuit

optimization of the trial state qY ñ∣ ( ) . In practice, in the case of largemolecular systems the limited achievable
circuit depth in current quantumdevices requires a further truncation of the series in equation (12). Thus, while
the coupled clustermethod guarantees in principle an efficient convergence towards the exact ground state, its
implementation in state-of-the-art quantum computers requires further studies in terms of howdifferent
approximations (truncations) affect the accuracy of the solution.

4.3.Hardware-efficient trial states suitable for near-termquantumhardware
Amuch simpler approach is, therefore, the heuristic generation of the trial state with unitary operations that are
more suited to the available quantumhardware [72]. Independently of the particular problem to be solved, one
may choose trial states that can be efficiently generated in current quantumhardware and at the same time allow
the generation of highly entangled states that are close to the target state.

This approach is showcased in the examples provided in sections 4.4 and 5.2. As shown infigure 4, the
preparation of the heuristic trial states comprises two types of quantumgates, single-qubit Euler rotations q( )U
determined by the rotation angles q and an entangling drift operationUent acting on pairs of qubits. TheN-qubit
trial states are obtained by applying a sequence ofD entanglersUent alternatingwith the Euler rotations on theN
qubits to the initial ground state ¼ ñ∣00 0 ,

q q q qF ñ = ¼ ¼ ñ
  

∣ ( ) ( ) ( ) ( )∣ ( )
‐

U U U U U 00 0 . 13D
ent

1
ent

D times

0

This gate sequence has a total number of = +( )p N D3 2 independent angles.
To bemore specific, the single-qubit operations are decomposed into rotations about the x- and the z-axes,
q =

q q q
( )U Z X Zq i q q q,

q i q i q i
1

,
2

,
3

, , with q q s= -( ) [ ]X exp i 2q
j
q i

j
q i

q
x, , (and similarly for Y and Z ) denoting the unitary

operation acting on qubit q at the ith position in the gate sequences. The heuristic approach does not rely on the
accurate implementation of specific two-qubit gates and can be usedwith anyUent that generates sufficient
entanglement. A natural choice can be the cross-resonance gate [83, 84] as a two-qubit gate suited for thefixed-
frequency superconducting qubit architecture as used, for example, for the IBMQexperience [61].

4.4. Smallmolecules calculatedwith theVQE
As an application of themethod described above, we present the calculation of the ground-state energy of simple
molecules such as the hydrogenmolecule: the starting point is theHamiltonian in second quantization in
equation (5)with the one-body terms, tij, representing the kinetic energy of the electrons and the potential
energy that they experience in the presence of the nuclei,

*ò åf f


= - +
-=

⎛
⎝⎜

⎞
⎠⎟( ) ∣ ∣ ( ) ( )x r

r R
xt

Z
d

2
14ij i

n

n

n
j1 1

1
2

1

2

1
1

and theCoulomb repulsion terms

* *ò ò f f f f=
-

( ) ( ) ∣ ∣ ( ) ( ) ( )r r r r
r r

r ru d d
1

. 15ijkl i j k l1 2 1 1
1 2

2 2

Zn are the nuclei chargesZn (n=1, 2), and eachwavefunction f ( )xi 1 orbital is a 1s orbital centered at the one
hydrogen atom.We assume that the system is in its spin singlet state. After reduction [78] a two-qubit

Figure 4.Heuristic preparation of trial states for the variational quantum eigensolver based on single-qubit gates q( )U interleaved by
entangling operationsUent as described in the text.
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Application of VQE to quantum chemistry

Electronic Hamiltonian in second quantization
▶ Fermionic hamiltonian HF =

∑
ij tija

†
i aj +

∑
ijkl tija

†
i a

†
kalaj

▶ with a†i creation and ai annihilation operators.
▶ As an example of mapping of Fermionic Hamiltonian to qubits:
▶ HH2 = f01⊗ 1 + f1σz ⊗ σz + f2σz ⊗ 1 + f31⊗ σz + f4σz ⊗ σz
▶ where fi are real coefficients dependent of the distance between atoms.



Finding ground state of Fermionic Hamiltonian

Hamiltonian is obtained

   s s s s s s= Ä + Ä + Ä + Ä + Ä ( )H f f f f f 16H z z z z x x0 1 2 3 42

with f0=−1.0524,f1=0.01128,f2=0.3979,f3=0.3979,and f4=0.1809. These coefficients are calculated
at the equilibriumdistance of 0.74Åusing equations (14) and (15) and are given inHartrees.

We evaluate the ground state of theHamiltonian in (16) on an ideal quantum simulator [61] using a heuristic
trial wavefunction approach (section 4.3)with an increasing number of entangling steps (one, two and four).
Here, the single qubit rotations of heuristic trial wavefunctions where implemented as q q q=( ) ( ) ( )U Y Zi i i

0 1 and
the entanglementwas introduced via control phase gates [85]. Figure 5 shows that a no entangling step is not
sufficient to converge towards the correct energy value, whereas one ormore entanglers can reproduce the
expected results within a few tens of optimization steps in the rotation-angle space q.

Thismethod can be extended to largermolecules. For lithiumhydride (LiH) and beryllium dihydride
(BeH2) the second-quantized fermionicHamiltonian is constructed using aminimal set of atomic orbitals
[72] (labeled by the conventional hydrogenic quantumnumbers). In BeH2 the basis is composed of the 1s, 2s,
2px orbitals associated to beryllium, and the 1s orbital associated to each hydrogen atom. This results in a total
of ten spin orbitals. The two innermost 1s spin orbitals of beryllium are assumed to be completely filled. The
remaining eight spin-orbitals of BeH2 are reduced to six by exploiting spin-parity symmetries [78]. Similarly,
the LiH ismapped onto four qubits. It is demonstrated numerically that in the absence of noise, a number of
entangling stepsD=8 andD=28 are required to achieve chemical accuracy for LiH and BeH2, respectively,
for the given experimental connectivity. However, the combined effect of decoherence and finite sampling
limits the optimal depth for optimizations on current quantumhardware to between zero and two entanglers,
which results in deviations of the simulated bond-dissociation energies from the real values. Decreasing the
effective error rates or applying error-mitigation schemes as discussed in section 7 will improve the accuracy
of the computations.

5. Classical optimizationwith qubits

The complexHamiltonians of quantum chemistry problems give quantum computers an inherent advantage
over classical hardware. For classical optimization the advantage is not as obvious becausemany of the relevant
problems can bemapped to a relatively simple Ising-spinHamiltonian. It is diagonal in the computational basis
and can be tackled by a range of classicalmethods. One of the issues with classical solvers is to avoid solutions in
localminima of the cost function. In this context simulated annealing [86] is an approach thatmakes use of
thermalfluctuations to escape such localminima.Quantum annealing [87] additionally exploits quantum
tunneling and can potentially reach a ground state faster especially for problemswith very corrugated cost
functions [6, 7]. The potential for quantum speed-upwith this approach is heavily debated in the community;
however, because of the tremendous application space even amodest speed-up for a selected number of

Figure 5.Quantum simulation of the hydrogenmolecule on an ideal quantum simulator. At the equilibrium geometry and no
entangler block in the circuit, the energy converges to a state with an energy that is about 50% too high.With twoormore entanglers,
the exact energy is obtained. The inset shows the entire dissociation profile for a hydrogenmolecule calculatedwith four entangling
steps.
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Quantum Adiabatic Optimization Algorithm

▶ Cost function C (x), xi ∈ {0, 1} we want to optimize.
▶ Encoding of C into Hamiltonian Hc .

1. xi → (1− zi )/2 with zi ∈ {−1, 1},
2. zi → σz

i

3. HC =
∑

α Pα

4. where Pα = σα1
1 ⊗ σα2

2 ⊗ . . .⊗ σαN

N — “diagonal” Pauli strings.
5. where σj

i ∈ {1, σz
i }.

▶ Mixing Hamiltonian HM = −σxi — transverse Hamiltonian.
▶ To find ground state of HC — minimal value of C (x):
▶ Apply U(β, γ) =

∏D
l=1 e

−iβlHM e−iγlHC to a quantum state |ψ0⟩ and optimize γ, β
using VQE.



Max-Cut problem

▶ Given a graph with the edge weights wij : wij > 0,wij = wji .
▶ Divide the graph into two disjoint subsets of vertices such that sum of weights

between them is maximal.
▶ We want to maximize C (x) =

∑
ij wijxi (1− xj), xi ∈ {0, 1}.

▶ HI =
∑

i<j wij(1− σzi )(1 + σzj ) = −1
2
∑

i<j wijσ
z
i σ

z
j + const.

▶ Effectively: HC =
∑

i<j wijσ
z
i σ

z
j .



Max-Cut using QAOA

Wecan then use themapping described in section 5.1 to obtain the IsingHamiltonian

å s s= - +
<

( )( ) ( )H
w

2
1 1 20I

i j

ij
i
z

j
z

å s s= - +
<

( )w
1

2
const. 21

i j
ij i

z
j
z

In otherwords, theweightedMaxCut problem is equivalent tofinding the ground state of the IsingHamiltonian

å s s=
<

( )H w . 22C
i j

ij i
z

j
z

For exploring the solution space ofHCweuse the approach from section 4.3 to define a hardware-efficient
heuristic trial wave function

qy q yñ = ñ∣ ( ) [ ( ) ] ∣ ( )U U , 23D
ent 0

whereUent is a collection of fully entangling gates that are diagonal and the number of entanglersD defines the
level of the quantum circuit. The single-qubit rotations are chosen to be q q=  =( ) ( )U Yi

N
i1 , whereN is the

number of qubits. For a classical problem this choice allows a search over the space of quantum states with only
real coefficients, while still exploiting entanglement to potentially converge faster to the solution. Evaluation of
the energy expectation value for a specific trial wavefunction is especially simple in this case as it is sufficient to
measure all four qubits and extract the pairwise s si

z
j
z correlators. Figure 6(a) shows two different cuts through a

problem instancewith four nodes (qubits). The lower of the two solves the problem if all non-zeroweights inwij

are assumed to be equal.Whenwe implement this on an ideal quantum simulator [61, 85] and use theVQE to
optimize the parameters of the trial state in 100 trial steps, we get the state probabilities shown infigure 6(b). For
this simple simulation, the solution is foundwith a probability that is higher than 95%.

6. Classical robust optimizers formeasured expectation values

The optimization cycle of theVQE (see section 3) involves evaluation of the cost function on a real quantum
device, e.g., a superconducting quantumprocessor, and adjustment of the variational parameters using classical
optimization algorithms (see section 3). In the latter, several important aspects need to be considered for
successful application of theVQE.

First, the optimization could get stuck in a localminimum that would correspond to an excited state of the
system.Using a suitable optimization routine can prevent finding such falseminima. Gradient-descentmethods
may be combinedwith simulated annealing steps or strategies that involve starting frommultiple initial points.
In this context, in [38] a greedy searchwithmultiple starting points is alternatedwith a Powell search, showing
good performances onHubbard lattices of up to twelve sites.

Second, because of the limited number of samples of theHamiltonian terms on the quantum computer one
only has access to a noisy energy (cost) value. The error in the energy estimation goes as( )s1 , with s the
number of samples taken. Grouping Pauli operators into commuting sets [40, 72] that can bemeasuredwith the
same state preparation and post-rotations reduces the number of separatemeasurements and enablesmore
averages and better sampling statistics. Still, the choice of the optimizermust take into account that the cost
function is affected by stochastic fluctuations. In fact, whileUCCmethods and other analytical variational
circuits in principle support the use of gradient-basedmethods that increase the efficiency of the optimization

Figure 6. (a)Twodifferent cuts for aMaxCut instancewith four vertices. The lower cut has a larger cumulatedweight and represents
the partitioning that solves the problem. (b) Solution of the problemusing theVQEwith heuristic trial-states and a depthD=3
circuit.
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